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Abstract. Degree of mobility of a (pseudo-Riemannian) metric is the dimension of the space of 
' metrics geodesically equivalent to it. We describe all possible values of the degree of mobility on 

a simply connected n-dimensional manifold of lorentz signature. As an application we calculate 
, all possible differences between the dimension of the projective and the isometry groups. One 

Qof the main new technical results in the proof is the description of all parallel symmetric (0, 2)- 
tensor fields on cone manifolds of signature (n — 1, 2). 

m ' 

(N 

O ■ 1- Introduction. 

1.1. Main definitions and results. Let (M n ,g) be a connected Riemannian (= g is positively 
definite) or pseudo-Riemannian manifold of dimension n > 3. Within the whole paper we assume 
that all objects are C°°-smooth. We say that a metric g on M n is geodesically equivalent to <?, if 
every geodesic of g is a (reparametrized) geodesic of g. We say that they are affinely equivalent, 
if their Levi-Civita connections coincide. 

As we recall in Section 12.11 the set of metrics geodesically equivalent to a given one (say, g) 
is in one-to-one correspondence with nondegenerate solutions of the equation (|10[) . Since the 
equation (fTOf is linear, the space of its solutions is a linear vector space. Its dimension is called 
the degree of mobility of g and will be denoted by D(g). Locally, the degree of mobility of g 
coincides with the dimension of the set (equipped by its natural topology) of metrics geodesically 
i equivalent to g. 

| The degree of mobility is at least one (since const -g is always geodesically equivalent to g) 

and is at most ("+ 1 ) ("+ 2 ) i which is the degree of mobility of simply-connected spaces of constant 
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sectional curvature 



Our main result is the description of all possible values of the degree of mobility on simply- 
connected manifolds of the lorentz signature (l,n — 1): 



Theorem 1. Let (M n ,g), n>3, be a connected simply- connected manifold of nonconstant cur- 
vature of riemannian or lorentzian signature. Assume that there exists at least one metric which 
is geodesically equivalent to g, but is not affinely equivalent to g. Then, the degree of mobility D(g) 
is equal to M£±H + £ f or certain 0<k<n-2andl<£< . 

In the theorem above the brackets "|_ , J" mean the integer part. 

Theorem 2. F or any n > 3, < k < n - 2 and £ € {1, "~3 +1 | such that hlh+R +£>2 there 
exists a Lorentzian metric g on M 71 such that it admits a metric g that is geodesically equivalent, 
but not affinely equivalent to g, and such that D(g) = k ( k + is> -\- £, 

The condition k ^ k ^ 1 - ) + 1 > 2 in Theorem [2] is due to our assumption that there exists a metric 
g that is geodesically equivalent, but not affinely equivalent to g. Actually, a generic metric g does 
not admit such a metric, and in fact has D(g) — 1, see |19| . 

The Riemannian version of Theorem [1] is known and is due to [23, 9J: the principle idea is due 
to [23], but the main result has a mistake which was corrected in [9]. 

We see that the biggest degree of mobility of a metric of a nonconstant curvature on a simply- 
connected manifold is (" -1 K"~ 2 ) _|_ \ = (" 3) n _|_ 2. This value is known to be the "submaximal" 
value for metrics of all signatures, see [201 §1.2] and Theorem 6.2]. As we mentioned above, 
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Figure 1 . Degree of mobility for low dimensions 
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the maximal value of the degree of mobility of a metric on an n-dimensional manifold is achieved 
on simply-connected manifolds of constant sectional curvature and is equal to ("+ 2 H ra + 1 ) _ 

Let us now comment on our assumptions in Theorem [TJ The assumption that the manifold 
is simply-connected is important: the degree of mobility of an isometric quotient can be smaller 
than the degree of mobility of the initial manifold. For example, for certain isometric quotients 
of the round 3-sphere, the degree of mobility could be one, [IB]. The assumption n > 3 is also 
important: the dimension n — 2 was studied already by Darboux [5_ and Koenigs [10] . see also 
[3[ 113). They have shown that in dimension n — 2 the degree of mobility of an arbitrary metric of 
nonconstant curvature is 1,2,3,4. We see that the list of possible degrees of mobility in dimension 
2 is very different from the list obtained by the formula D(g) = ^'C^+i) + 1 from Theorem[T] 

The assumption that there exists a metric that is geodesically equivalent to g but not affincly 
equivalent to g is also important since one can construct examples of metrics (of arbitrary signa- 
ture) on M" with the degree of mobility equal to ( n ~ 4 K"~ 3 ) _|_ 2 1 and for n > 5 this number is not 
in the list of degrees of mobility given by Theorem [1] Of course, in the lorentzian signature, all 
metrics geodesically equivalent to the metrics from these examples are afnnely equivalent to them. 

Unfortunately, we do not know whether the assumption that the metric has riemannian or 
lorentzian signature is important. In dimension n = 3, all metrics have, up to multiplication by 
— 1, the riemannian or lorentzian signature. In dimension n = 4 one can show that the statement 
of our theorem still holds (was essentially done in [7]). Our proof does not work for metrics of 
other signatures though: we construct examples showing that one of the main tools of the proof, 
Theorem [5l is wrong if the initial metric has other signatures. 

1.2. Application to the dimension of the projective algebra. A vector field whose (local) 
flow takes unparameterized geodesies to geodesies is called a projective vector field. Projective 
vector fields satisfy the equation ([75)) in Section [2~T1 Since the equation (|76[) is linear, the space of 
its solutions is a linear vector space, we will denote it by proj(g). Since every killing vector field 
(i.e., a vector field whose flow acts by (local) isometries) is evidently a projective vector field, the 
set of the Killing vector fields which we denote by iso(g) forms a vector subspace of proj(g). 
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Theorem 3. Let [M n ,g) be a connected simply- connected n > 3 -dimensional manifold of non- 
constant curvature of riemannian or lorentzian signature. Assume that D(g) > 3 and that there 
exists at least one metric which is geodesically equivalent to g, but not affinely equivalent to g. 
Then, 

. , ,. . , N k(k + l) „ 1 
dim proj(g) — dim iso[g ) = h i — 1 

for certain k € {0, 1, n - 2} and 1 < i < [ r -^^-\ . 

In the case of D(g) = 2, we prove that the codimension of the space of homothety vector fields 
(i.e., such that C v g = const g) in the space of projective fields is at most 1, see Lemma 1171 is 
Section E2I 

Note that the number dimproj(g) — dimiso(g) is a natural number in the projective geom- 
etry. Indeed, since Knebelman [TTJ [T7] it is known that if g is geodesically equivalent to g 
then dim iso(g) = dim iso{g). Since evidently dimproj(g) = dxmproj(g), we have dim proj(g) — 
dim iso(g) = dimproj(g) — dim iso(g). 

Note that there is almost no hope to obtain the possible dimensions of iso(g) (for manifolds 
of all dimensions), since the possible values of dim iso(g) for homogeneous manifolds give too 
many combinatorical possibilities. For every fixed dimension, it can be in principle done though. 
Moreover, as examples show, the lists of possible dimensions of iso(g) on a simply-connected n- 
dimensional manifold depend on the signature of g and, for certain n, are different for Riemannian 
and Lorentzian metrics. 

1.3. Overview of known global results. If the manifold (M,g) is closed or the metrics are 
complete, the natural analog of TheoremQ]was known before and is true for metrics of all signature: 
by [8, Theorem 1], if two complete metrics g and g of nonconstant curvature on a n > 3-dimensional 
manifold are geodesically equivalent but not affinely equivalent, then D(g) = 2. By |T8l Corollary 
5.2], if two metrics g and g of nonconstant curvature on a closed n > 3-dimensional manifold are 
geodesically equivalent but not affinely equivalent, then D{g) = 2. If we merely assume that the 
metric g is complete, then, in the riemannian and in the lorentzian case, the list of the degrees of 
mobilities (on connected simply-connected manifolds) coincides with that of in Theorem [TJ 

1.4. Relation to parallel symmetric (0,2)-tensor fields and difficulties of the lorentzian 
signature. The cone manifold over (M, g) is the manifold M = M>o x M endowed with the 
metric g defined by g — dr 2 + r 2 g (i.e., in the local coordinate system (r, x , ...,x n ) on M, where 
r is the standard coordinate on R>o, and (x 1 , x n ) is a local coordinate system on M, the 
scalar product in g of the vectors u = u°d r + 2i=i ul d x i and v = v°d r + X)"=i vl ^x i is given by 
g(u,v) = u°v° + r 2 Yn,j=i Oij^v 3 ). 

The degree of mobility of metrics on n-dimensional manifold appears to be closely related to the 
dimension of the space of parallel symmetric (0, 2)-tensor fields of n+l-dimensional cone manifolds. 
We will explain what we mean by "closely related" in Section [2] For Riemannian metrics, this 
observation was essentially known to Solodovnikov [5S] and was used by Shandra in [23], where, 
as we mentioned above, the Riemannian version of our main Theorem Q] was essentially proved. 
In [8], the result of Solodovnikov was extended for all signatures, which allows us to use it in 
our problem. The assumption that the metric g has lorentzian signature (l,n — 1) implies that 
the (metric of the) cone manifold which is used in the proof of Theorem [1] has signature (l,n) or 
(n - 1,2). 

In view of this relation between geodesically equivalent metrics and parallel symmetric (0, 2)- 
tensor fields, the following statement is closely related to Theorem [TJ 

Theorem 4. Let (M n+1 ,g) be a connected simply- connected nonflat cone manifold of signature 
(0, n + 1), (l,n.) or (n — 1,2). Then, the dimension of the space of parallel symmetric (0,2)- 
tensor fields is k ( k + x ^ _|_ g ) where k is the dimension of the space of parallel vector fields, and 
l<£< L^^fiiJ. 

Though Theorem 0] provides one of the main steps in the proof of Theorem[TJ it is not equivalent 
to Theorem [JJ Actually, Theorem U] follows from Theorem [TJ modulo certain results of [5J [T8] we 
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recall in Section 12.71 If the signature of g is riemannian, Theorem [T] follows from Theorem 2J 
though this implication needs additional work which will be essentially done in Section 15.31 

If g has lorentzian signature, proof of Theorem [T] splits into two parts: the first "generic" part 
is based on Theorem [4] and the second part ("special case") is Lemma [T3l 

Let us now explain two main steps in the proof of Theorem |4l which are Theorems [5J |6] below. 
Besides providing an important step in the proof of Theorem [TJ Theorem [5] could be interesting 
on its own since investigation of parallel tensor fields on cone manifolds is a classical topic, see for 
example [UHOH]. 

Fix a point p £ M (where (M,g) is a simply-connected cone manifold). Consider the holonomy 
group Hol p (g) C SO(T p M , g p ) of the metric g. Consider the decomposition of T p M in the direct 
product of mutually orthogonal g-nondegenerate subspaces invariant w.r.t. the action of the 
holonomy group 

(1) T P M = V ffi Vx e ... ®v e . 

We assume that Vq is na t in the sense that the holonomy group acts trivially on Vq, and that 
the decomposition is maximal in the sense that for all i = 1, it is not possible to decompose 
Vi into the direct product of two nontrivial (i.e., of dimension > 2) g-nondegenerate subspaces 
invariant w.r.t. the action of the holonomy group. We allow dim(Vo) = but assume dim(Vi) > 2 
for i ^ 0. 

It is well known that parallel symmetric (0, 2)-tensor fields on a simply-connected manifold 
are in the one-to-one correspondence with bilinear symmetric (0, 2)-forms on T p M invariant with 
respect to Hol p (g). 

We denote by gt, i = 0, . . . ,£, the restriction of the metric g to the subspace Vi, considered as 
a (0, 2)-tensor on T p M: for the vectors v = vq + v\ + ... + vg and u = uq + u\ + ... + ug of T p M 
(where v a ,u a £ V a ) we put 

g l (v + vi + ... + vt, uq + ui + ... + ut) = g(vu Ui). 

gi is evidently invariant w.r.t. Hol p (g). 

Theorem 5. Let (M,g) be a simply- connected cone manifold of dimension n + 1. Assume g has 
signature (l,n) , (n — 1,2), or the riemannian signature (0, n + 1), and consider the (maximal) 
decomposition (TTJ). We denote by {t\, ...,Tk} a basis in the space of 1-forms on T p M that are 
invariant with respect to the holonomy group. 

Let A be a symmetric bilinear form on T p M such that it is invariant with respect to the holonomy 

,2 

group. Then, there exists a symmetric k x k-matrix Cij G R and constants Ci,...,CV G R such 
that 

k i 

(2) A = ^ C ij T i T J + X! Ci 9i- 

i,j=l i=l 

Evidently, any bilinear form A given by the formula ([2]) is invariant with respect to the holonomy 
group and is symmetric. 

In the case when the metric g is Riemannian, Theorem [S] is well-known and is essentially due 
to de Rham [22]. Moreover, in this case it is true without the assumption that (M, g) is a cone 
manifold. The classical way to formulate Theorem [5] in the Riemannian setup is as follows: there 
exists a coordinate system 

x _ l^Oi - i^O tXi,...,x 1 , x^, d,£ ) 



DEGREE OF MOBILITY FOR METRICS OF LORENTZIAN SIGNATURE 



in a neighborhood of p such that in this coordinate system the metric has the block-diagonal form 
(with the blocks of dimensions ko X ko, ■■■ , ki x kg) 



/go 



\ 
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such that the entries of each matrix gi depend on the coordinates xj, ■■■,x i i only, such that the 
metric go is the flat metric (dx^) 2 + ... + (dx^ ) 2 , and such that the holonomy group of each metric 
gi for i 7^ is irreducible. For this metric, every symmetric bilinear form invariant with respect 
to the holonomy group is given by 



(3) 



feo 

£ 



£ 

£ 

i=i 



Cigi 



where Cy is a symmetric ko x fc -matrix. The relation between the formulas @ and Q is as follows: 
in the formula ([3]), the 1-forms invariant with respect to Hol p (g) are (essentially) the one- forms 
on Vo (and therefore k = ko = dim(Vo) and as the basis in the space of 1-forms invariant w.r.t. 
Hol p (g) we can take dx J , . . . , dx^" ) . In the other signatures, there may exist invariant one- forms 
on T P M that are not 1-forms on Vo- 

In the case when the metric g has lorentzian signature, Theorem[S]is also known (see for example 
[12J) and is also true without the assumption that (M,g) is a cone manifold. The new part of 
Theorem [5] is when the signature is (n — 1,2), as example [TJ in Section [3.3.31 shows, in this case the 
assumption that the metric is a cone metric is essential. 

Moreover, the assumption that the signature of the metric g is riemannian, lorentzian, or 
in — 1,2) is important for Theorem see (counter)example[2]in Section 13.3.31 

Theorem [5] describes all parallel symmetric (0, 2)-tensor fields on cone manifolds of signatures 
(0,n + 1), (l,n) and {n — 1,2). The next theorem counts the dimensions of the space of such 
tensor fields. 



Theorem 6. Under the assumptions of Theorem^ the number k is at most n- 
i is at least 1 and at most j . 



2 and the number 



Combining Theorems [S] and [SJ we obtain Theorem 2J Now, as we explained above, Theorem 
is essentially equivalent to the "generic" part of the Theorem [TJ and the ideas used in the proof of 
Theorem [5l [6] will also be seen in the "special" part of the proof of Theorem [TJ 



2. Degree of mobility as the dimension of the space of parallel symmetric (0, 2) 

tensor fields on the cone. 

2.1. Geodesically equivalent metrics, Sinjukov equation, and degree of mobility. When- 
ever the tensor index notation are used, we consider g as the background metric (to low and rise 
indexes), sum with respect to repeating indexes, and denote by comma "," the covariant differen- 
tiation w.r.t. the Levi-Civita connection of g. The dimension of our manifold will be denoted by 
n; we assume n > 3. 

As it was known already to Levi-Civita [15], two connections V = rj fc and V = Tj k have the 
same unparameterized geodesies, if and only if their difference is a pure trace: there exists a 1-form 
<f> such that 

(4) t) k -Y) k = 51^+5)^. 

If V and V related by (fj| are Levi-Civita connections of metrics g and g, then one can find 
explicitly (following Levi-Civita |15| ) a function <f> on the manifold such that its differential <j) t i 
coincides with the 1-form 4>i'- indeed, contracting Q with respect to i and j, we obtain = 



(i 
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Tpi + (n + On the other hand, for the Levi-Civita connection V of a metric g we have 

rP — 1 dl °s(\det(g)\) T i 
L pk — 2 dx k ■ ±Ilub ; 

(5) * = 2(^&M|a38|) = *' 

for the function </> : M — > R given by 

(«) ^=TOlog(|^g}|). 

In particular, the derivative of 0, is symmetric, i.e., = <j)j.i. 

The formula Q implies that two metrics g and g are geodesically equivalent if and only if for 
a certain <pi (which is, as we explained above, the differential of <fi given by ^) we have 

(7) gij,k - 2g~ij<f>k - gik<t>j - gjk<t>i = 0, 

where "comma" denotes the covariant derivative with respect to the connection V. Indeed, the 
left-hand side of this equation is the covariant derivative with respect to V, and vanishes if and 
only if V is the Levi-Civita connection for g. 

The equations ([7} can be linearized by a clever substitution: consider ay and Xi given by 

(8) a l3 = e 2 *g™ 9pi g qj , 

(9) A, = -e 2 U P 9 pq g qi , 

where g pq is the tensor dual to g pq : g pl g P j = Sj. It is an easy exercise to show that the following 
linear equations for the symmetric (0, 2)-tensor ay and (0, l)-tensor Ai are equivalent to ([7|): 

(10) fly,fc = \i9jk + ^j9ik- 

One may consider the equation (|10p as a linear PDE-system on the unknown (oy, A&); the coeffi- 
cients in this system depend on the metric g. 

One can also consider (TTU)) as a linear PDE-system on the components of the tensor only, 
since the components of A^ can be obtained from the components of V^ay = by linear 

algebraic manipulations. Indeed, multiplying (|10p by g lJ we obtain 

(11) A, = lia^lk = \ (Tr s (a)) >fc 

Since (ITU)) is a system of linear PDE, the set of its solutions is a linear vector space. Its 
dimension will be called the degree of mobility of g and denoted by D(g). Clearly, D(g) > I, since 
a ij = 9ij 1S a solution of (TIT))) . It is known (see for example [24, p. 134]) that D{g) < ("+ 1 K"+ 2 ) _ 

2.2. Metrics with D(g) > 3, extended system, and plan of the proof of Theorem [TJ 

Theorem 7 f[5]). Let {M n ,g), n > 3, be a connected pseudo-Riemannian manifold such that 
D{g) > 3. Then there exists a constant B such that for every solution (ay, Aj) of (|10p there exists 
a smooth function fi such that the following system 

!a,ij,k — \gjk + Aji?ifc 
Ai j- = Mij + Baij 
p,i = 2BX l 

is satisfied. 

Thus, the degree of mobility of the metric g is equal to the dimension of the space of solutions 
(a, A, /i) of the "extended system" (TT21 . 

Note that the constant B is a metric invariant of g (in the sense that a metric can not have 
two nontrivial solutions with different B, see [5J §2.3.5]) but it is not a projective invariant: for a 
metric g that is geodesically equivalent to g we may have B := B(g) ^ B (see Section I5T3"]) . 

In Section 12.71 we reduce the case B ^ to B = — 1 and then show that the solutions of (|12[) 
and parallel symmetric (0, 2)-tensor fields on the cone manifold are in one-to-one correspondence. 
In this setting, Theorem [TJ follows from Theorems [5j [6] 

In the case B = we consider two subcases. In Section [SJ we assume that the extended 
system (fT2j) admits a solution (a, X,fi) with \i ^ 0. In this subcase we can (locally) find a metric 
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g that is geodesically equivalent to g, has the same signature as g and such that B — B(g) < 0. 
Since evidently D(g) = D(g) and the case B ^ has been already solved, we are done (though 
some additional work is required to make a transition "local" — > "on a simply connected manifold", 
see Section [ST41 for details). 

Finally in Section [6] we consider the "special" case, when the extended system admits only 
solutions (a, A, (i) with /i = 0. In this case all metrics g geodesically equivalent to g have B = 0. 
In Section [51 we study and describe such metrics, calculate their degrees of mobility, and show 
that they are still in the list from Theorem [TJ 

2.3. Metric cone and its Levi-Civita connection. By the metric cone over (M,g) we un- 
derstand the product manifold M — R>g(r) x M(x) equipped by the metric g such that in the 
coordinates (r, x) its matrix has the form 

' 1 

r 2 g(x) 

The coordinates such that a metric has the form (|13[) will be called the cone coordinates. 
For further use we calculate the Levi-Civita connection on M in the cone coordinates. 



(13) 9(r,x) = 



Lemma 1 (Folklore, see for example [Tl 118)1. Levi-Civita connection V = {Ft^.} corresponding to 
metric g on M is given by formula: 

(14) f° = o, f l 00 = o, 

(15) f° j0 = f° fc = 0, 

(16) %= 1 -S i j , f** = ^ 

(17) ?%= -r-g jk (x), 

(18) f} fe =r} fe (z), 

where T'j k are Christojfel symbols of the Levi-Chivita connection determined by metric g on M , 
and indicies i,j, k take values from 1 to n. 

Proof. It is an easy exercise: we substitute the components of g in the formula: 

1 A sa ( , d 9&k . dgj & 



P- = - 

and put i, j, k to be equal to or to certain k respectively. □ 
2.4. Cone structure as the existence of a positive solution of (Q2 



Lemma 2. Pseudo-Riemannian n+ 1-dimensional manifold (M,g) is locally isometric to a cone 
manifold if and only if, for any P £ M there exists a positive function v on U(P) such that 



(19) 



v ,ij — 9ij i 

v i v 1 = 2v. 



Proof. Let (M, g) be locally the cone over (M,g). Then there exist coordinates (r, x), such 
that g has the form (|13|) . By direct calculations we see that the function v = \r 2 satisfies (fl~9|) . 

4= Suppose v is a positive function in U(P) satisfying (fT9)) . We consider r = y/2v and its 
gradient r \ By direct calculation, we see 

v i v l 1 „ 
r i r 1 = —= ■ = 2v = 1. 

' ' V2v V2v 2v 



This in particular implies that the differential of r nowhere vanishes. 

Consider the n-dimensional hypersurface S defined by the equation r = r(P). Let {x\, . . . , x n 
be a local coordinate system on S. 
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Let us now use r and the coordinates [x\, ...,x n ) to construct a coordinate system in a neigh- 
borhood P. More precisely, for every point Q = (xi, . . . ,x n ) € S there exists the unique curve 
7 Q : (r(P) - e, r(P) + e) -> M such that 

i Q \t) =r* and 7Q (r(P)) = Q. 

Clearly, the mapping (f, Q) h-> 7g(t) is a local diffeomorphism and therefore defines a coordinate 
system (t, Xi, x n ) in a neighborhood of P. Because r 1 is the gradient of r, the value of the 
function r at the points 7q(£) is equal to r, so this coordinate system actually reads (r,x%, . . . , x n ). 

Let us now show that in these coordinates the metric g has the form (fT3j) . Using (|19|) . we 
calculate 



% (y) = -(ffy-^i)' 



r / r 

By the construction of the coordinates (r, a:), we have 

2 

(20) <9 r <7i, = Ca r (gij) = 2r tij = - {g l3 - r^r d ) 

For i,j ^ the equation (|2U|) reads d r <7ij = -cjij- This equation could be viewed as an ODE; 
solving it we obtain gij(r, x) = r 2 gij(x), where gtj{x) is the restriction of the metric g to S written 
in the coordinates x\,...,x n . Since the r 1 is the gradient of r and therefore is orthogonal to 
{(r, xi, ...,x n ) | r = const}, we have goj = gio = 0. Now, goo = r^r_ l = 1. Combining all these, we 
see that in the coordinates (r, x%, . . . , x„) the metric <? is given by (|13jl . □ 

Remark 1. From the first equaiton of (fTi?)) we see that a solution v of P^|) has nonzero differential 
at every point of a certain everywhere dense open subset of M. Then, v is not zero at every point 
of a certain everywhere dense open subset of M. By Lemma[2l near the points where v is positive, 
g is isometric to a cone metric. Since, for a negative solution v for g the (positive) function — v is 
a solution of (|19| for g' = —g, the metric — g is locally a cone metric. 

Remark 2. Actually, the first equation of (fTT?|) almost implies the second. Indeed, if v satisfies the 
first equation of (fT9|) , then the function ^v l v } i has differential (gv/v.i) , = v^9ik — v,k implying 
that for a certain constant C the function v + C satisfies (fT9|) . Moreover, if a 1-form satisfies 
= 9%j, then it is closed so there exists a function v such that v t i = Vi provided the manifold is 
simply connected. 

2.5. Properties of the cone vector field. By Lemma [21 cone manifolds are (locally) charac- 
terized by the existence of a positive function v satisfying ([TP"]) . Its gradient v :— v 1 will be called 
a cone vector field. 

Lemma 3. Let (M,g) be a 2- dimensional manifold, and let i>j be a 1-form such that Vi_j = gij. 
Then, M is flat. 

Proof. By the second equation of (fT9|). v$ ^ on an everywhere dense open subset of M. Take a 
point P 6 M from this subset and choose a basis in T p M such that in this basis v := v 1 = ( J 
By the definition of the Riemannian curvature R l we have 

(21) iZ* 1M = iPjM^^VkVit^ - V fc V;^ # V fc ^ - Vt6{ = for all i,k,l= 1, 2. 

Then, by the symmetries of the Riemannian curvature tensor we see that the component Rijke = 0, 
when k or I is equal to 1. Since the only remaining component P2222 is also zero, R % ^ = 
and the metric g is flat. □ 



Lemma 4. Assume v satisfies (|19p . Then, for any parallel vector field u / 0, for every point 
P G M such that the Rier 
are not proportional at P. 



P G M such that the Riemannian curvature tensor R l - M is not zero, the vectors v :— v 1 and u l 
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Proof. As we explained in the proof of Lemma [31 see (jl?Tj) there, we have v i R l ^ kl — 0. We 
covarinatly differentiate this equation to obtain: 

Vi, m R l jkl + v.iR l 3Mm = implying R mjM + v.iR l ]kt m = 0. 

Since R m jke ^ at P, we have 

(22) V,i&Jkt,m ^ 0. 

But by definition of R l j M , for any parallel vector field u we have u 3 R l j M = VfcV^u 3 — VfcV^u-?' = 0. 
Covariantly differentiating the last equation and using the symmetries of the curvature tensor, 
we obtain UiR l j Mm = 0. Combining this with (|22j). we see that the vectors u and v axe not 
proportional. □ 

2.6. Direct product and decomposition of cone manifolds. 

Lemma 5. Consider the direct product 

(M,g) = (M 1 ,g)x(M 2 ,g) 

and assume that a function v on M satisfies (|19p . 

Then, for any s = 1,2 there exists a function v von M s satisfying (|19p (w.r.t. the metric g 
on M s ). The differential — dv of the function v is not zero at almost every point. Moreover, 
v j iR t j km — 0, where R is the curvature tensor of g. 

Remark 3. Withing the whole paper we understand "almost everywhere" or "at almost every point" 
in the topological sense: a property is fulfilled almost everywhere or at almost every point if the 
set of the points where it is fulfilled is open and everywhere dense. 

12 s 

Proof. Let us consider the decomposition v t i = Vi + Vi , where Vi is the orthogonal projection of 
Vi to TM S . Let us choose coordinates ii,...,i„onM such that x±, . . . ,x k are coordinates on Mi 
and Xk+i, ■ ■ ■ , x n are coordinates on Mi. For i,j<k we have 



l 



Vj-Vi = VjVi = gij = g. 



i j 



i 



implying that the components of Vi depends on the coordinates xi,...,x k only and could be 

viewed as a 1-form on M\. Next, consider the function v := \viV % which also depend on the 
coordinates x\,...,x k only and can be viewed as a function on M x . We have 



1 i (x l k \ 1 l k 1 

v,i = 2 [VkV J . = g lk v = v, 



1 2 

Thus, v satisfies ([T9l) . Similarly we can prove the existence of a function v on M^ satisfying (fT9|) . 
The first equation of pi?)) implies that the differentials of Uj are nonzero at almost every point. 

1 2 

Since the curvature tensor of g is the direct sum of the curvature tensors of g and g, and since 

s s s ■ s ■ 

as we explained in the proof of Lemma |3l satisfies v ^R l j km — 0, where R l j km is the curvature 

tensor of g, we have v^R 1 jfem = 0. □ 

1 2 

Remark 4. In Lemma [5] we do not require that the functions (which were denoted by v, v in the 
proof) on the manifolds M\,M% are positive. It is easy to construct an example such that v is 

2 

positive and v is negative. 

Lemma 6. Assume (M,g) is the direct product of two manifolds, 

(M,g) = (M 1 ,g)x(M 2 ,g), 
where every (MIi,g), i = 1,2, is a cone manifold. Then, (M,g) admits a positive function satisfying 

GS). 



in 
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Proof. By Lemma [21 there exists positive functions u(x) on Mi and v(y) on M 2 such that 
(23) 



1 2 

,ij ~ 9ijj v ,ij ~ 9ijj 

u iW l = 2u, v iV 1 = 2v. 



II: 



Then, the function w{x, y) = u(x) + v(y) is a positive function on M and satisfies (|19|) . Indeed, 



w. 



9ij 



and w^w 1 — u^u 1 + v^v 1 — 2u + 2v = 2w. 



□ 



Remark 5. Both Lemmas above are true for the direct products of arbitrary number of manifolds: 
the proofs survive without any changes. 

2.7. Solutions of the extended system with B ^ as parallel (0,2)-tensor fields on the 
cone. Let (M,g) be a connected n > 3-dimensional pseudo-Riemannian manifold with D(g) > 3. 
We consider the extended system (|12l) and assume B ^ 0. 

By Theorem the degree of mobility of g is equal to the dimension of the space of solutions 
of (fT2)) . Our goal is to construct an isomorphism between the space of the solutions of (|T2t and 
the space of parallel symmetric (0, 2)-tensor fields on a cone manifold. 

First we renormalize the metric in order to obtain B = — 1. 



Lemma 7. Let (a.y,Ai,/i) satisfy (fT2"]) with B ^ 0. Then, (a^ := — Ba, , A^ := A^,// := — -g/x) 

-Ba, , A^ := A.;,/x' := — -g/i) and o' = — -g5 in the system 



satisfies (|12j) /or £/ie metric g' = — -gg and B(g') = B' = — 1. 



Proof. We substitute (a^- 
(24) 

and see that it is fulfilled. 

Thus, if £? 7^ 0, we can assume B 

(25) 



a 



B ' 

ij,k = Kg'jk + \9ik 

4i = -2A- 



□ 



A,-, 



1. In this setting the system (TT3]) reads 
Aiffjfc + Xjgik 



[igij aij 
-2Ai 



Theorem 8 (|18J). If a symmetric tensor field aij on (M,g) satisfies (|25ll . then the (0,2)-tensor 
field A on (M , g) defined in the local coordinates (r,x) by the following (symmetric) matrix: 



(26) 



.4 



H(x) 


-rXi(x) ... -rX n {x) 


-rXi(x) 






r 2 a(x) 


-rX n (x) 





is parallel with respect to the Levi-Civita connection of g. 

Moreover, if a symmetric (0, 2) -tensor A^ on M is parallel, then in the cone coordinates it has 
the form (|26p , where (a.y , A^ , fi) satisfy (|25p . 

Proof. This is an easy exercise (a straightforward way to do this exercise is to write down the 
condition that a symmetric parallel (0, 2)-tensor field on the cone is parallel, and compare it with 

(ESI)). □ 
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3. Proof of Theorem [5j 

3.1. Plan of the proof. We consider the cone (M,g) of dimension n + 1 > 4 over connected 
simply connected (M,g). For every (0,2)-tensor field Aij on M we consider the (1, l)-tensor field 



L = Lj given by 



(27) A(., .) = g(L., .), i.e., in coordinates — g A k j. 

We will view L as a field of endomorphisms of TM. If A is parallel and symmetric, L is parallel 
and selfadjoint, and vise versa. 

Take p £ M and consider the maximal orhtogonal decomposition of the tangent space T p M 
into the direct sum of nondegenerate subspaces invariant w.r.t. the action of the holonomy group: 

(28) T P M = V © Vi © • • • © V e . 

We assume that Vb is flat, in the sense that the holonomy group acts trivially on Vq, and that the 
decomposition is maximal, i.e., that each subspace V a ,a > 1, has no invariant g- nondegenerate 
subspaces, and, therefore, cannot be decomposed further. 

(a) (a) . (a) 

We denote by P = P\ the orthogonal projector onto V a , a = 0, . . . ,£. P is selfadjoint and 
is preserved by the action of the holonomy group. It corresponds to g a from Theorem [5] via (|27j) . 

(o) ' W 

Clearly, (P -\ — • + P) = Id. We consider the following decomposition of L: 

(0) (€) (0) (l) * (a) (b) 

(29) L = (P +••• + P)L(P + ••• + P)= PLP- 

a,b=0 

(a) (6) _ 

Each component PLP is an endomorphism invariant w.r.t. the holonomy group. Moreover, if 
a = b, then it is self-adjoint. 

The proof of the Theorem [5] contains two parts: first, in Lemma [8] we show that each "non- 

(o) (6) 

diagonal" component PLP, a b, is given by the quadratic combination of vectors and 1-forms 
invariant with respect to the holonomy group. This part will be purely algebraic. Then, in 

Section 13.31 we describe "diagonal blocks" PLP and show that they are combinations of P and 
quadratic combination of vectors and 1-forms invariant with respect to the holonomy group. These 
two parts imply Theorem [SJ we explain it in Section [3.41 

3.2. Proof for "non- diagonal" components. 

(a) (b) 

Lemma 8. In the notation above, let L' = PLP, a ^= b, be a "non- diagonal" component of L 
(invariant w.r.t. to the holonomy group). Then, L' — • Cyr* ®t$, where t s € T p M are certain 

vectors invariant w.r.t. to the holonomy group, r* € T*M are certain 1-forms invariant w.r.t. to 
the holonomy group, and Cij € K are constants. 

Proof. Let Hi, . . . ,Uk be a basis of ImL' C V a and v\, . . .v r be a basis in Vb such that L'v s = u s 
for 8 = 1, k and and Vk+i, ■ ■ - v r £ kerL'. Then, 



(30) L' = y £ j u i ®v* i , 



where v* are the 1-forms dual to Vi . It is known that the holonomy group H p is the direct product 
of the subgroups Hq x • • • x Hi such that each H a acts trivially on all Vp such that f3 ^ a. Since 
L'(M) C V(a), for each h = h ■ ... ■ hi e H, h a € H a , and for any v £ T p M we have 

eV a (a) (6) (a) (6) (a) (6) 

h L'{v) = h a PLP(v) = PLh a {P{v)) = PLP{v) = L'(v) 
Thus, all Ui € ImL' are invariant with respect to the action of H. 
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(6) (a) 

Similarly, consider the dual endomorphism U* = p*L*p* ■ y* — » y* and the action of the 
holonomy group H on the dual decomposition: 

eV b ' (b) (a) (b) (a) (6) (a) 

h L'*(u*) = h b P*L*P*{u*) = P*L*h b {P*{u)) = P*L*P*(u*) = L'*(u*) 

Thus, v* = L'*(u*), s < k is invariant with respect to action of the holonomy group. Thus, all Vi 
and v* from (|30[) are invariant w.r.t. holonomy group. □ 

3.3. Parallel symmetric tensor fields on indecomposable pseudo-Riemannian mani- 

(o) (a) 

folds. In this section we deal with the "diagonal" components PLP of an arbitrary parallel 
self-adjoint tensor L. We take a > 1 and denote by M a the fc a -dimensional integral submanifold 
corresponding to the subspace V a and by g a the restriction of the metric to it. Clearly, 

(1) M a is indecomposable; 

(2) by Lemma O it admits a function satisfying (|19[) 

(3) if the signature of the initial metric g is riemannian or lorentzian, then, by Lemma 
the cone metric g has signature (l,n), (n — 1,2), or the riemannian signature (0, n + 1). 
Thus, the restriction g a of the cone metric to each component M a is either Riemannian, 
Lorentzian or has signature (k a — 2, 2); 

(a) (a) 

(4) The restriction of PLP to M a is a well-defined parallel selfadjoint (1, l)-tensor field on 
M a . 

For readability we "forget" the index a and denote the manifold M a , the metric g a on it and 

(a) (<»)__ 

the restriction of PLP to it by M, g and L and assume that k a — dimAf a = n+ 1; they enjoy 
the properties (1-4) above. 

The goal of the next two sections will be to prove that L and the curvature tensor R fulfill 



(si) l;r p jM = o. 

In order to prove this result we will use the following property of parallel (1, l)-tensor fields: 

(32) L l p R p - M — R l pke L 1 -. 

In order to prove (|3"2"|) . we use that for the vector fields X = dk,Y — dz,Z = dj, in view of 
[X, Y] = 0, we have 

R(X, Y){Z) = VxV Y Z - VyVxZ 

Applying the (l,l)-tensor L viewed as an endomorphism an using that it is parallel we obtain 

L(R(X, Y){Z)) = L(V X V Y Z - VyVxZ) = V X V Y L(Z) - V Y ^xL(Z) = R(X, Y){L{Z)) 

which is equivalent to (|32|) . 

Besides, we will use that for a solution v of (|19[) and for the corresponding vector field v := v 1 
we have L k v ^ almost everywhere provided L k := L o .„ o L is not identically zero. Indeed, the 

k times 

existence of a solution of (|19j) implies that g or — g is a cone metric (in a neighbohood of almost 
every point). Then, by (f2"o| , L % ^ = ±A'. Now, by Theorem[7J the solutions (a, A,/i) satisfy (|12ll 
and by assumptions we have B = ±1. Therefore, if X 1 is zero at every point of an open subset, L 
is proportional to 8j in this subset implying it is <5j everywhere. 

3.3.1. Possible Jordan forms of L. We first recall the following theorem from linear algebra: 

Theorem 9 ([14]. Theorem 12.2). Let g be a symmetric bilinear nondegenerate form on a n- 
dimensional real linear vector space V , and let L be a g- self- adjoint endomorphism of V . Then 
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there exists a basis in V such that in this basis the matrices of g and L have the blockdiagonal 
form 



( Jh 



(33) 



L = 



\ 

( eiF h 



\ 



J- 



2m i 



J2m q / 



(34) 



V 



2mi 



where J^, i = l,...,p, are the hi -dimensional elementary Jordan blocks with real eigenvalues, 
Jim,i, i = 1) • • • j Q, o,re is the 2rrii- dimensional elementary (real) Jordan block with complex eigen- 
values, Fk are the k x k-dimensional symmetric matrices of the form 



(35) 



and Si G {1,-1}. 



V i 



1 \ 



It is easy to see that the k x fc-dimensional matrices eF^ (viewed as bilinear forms on R fe ) have 
the signature (|_| J, Lh^J) or (La^J) Lf J) depending on the sigh of e, and that each block Fi mi 
has signature (m$ , m, ) 

We will apply this theorem to our metric g which has signature is (1, n), (n— 1, 2) or (0, n + 1). 
Moreover, since our L is invariant w.r.t. the holonomy group, it can not have two different 
real eigenvalues, or two different pairs of complex-conjugate eigenvalues, or simultaneously a real 
eigenavalue and a complex eigenvalues. We therefore have: 

Corollary 1. Under our assumptions, if L has a real eigenvalue, then it is its only eigenvalue 
and the Jordan form of L has at most two Jordan blocks of dimension > 2. If L has a complex 
nonreal eigenvalue, then the dimension of M is 4- 

Note that a (l,l)-tensor L is parallel and selfadjoint if and only if (for any constants c\ 7^ 0, 
C2) the (l,l)-tensor c\L + C2id is parallel and selfadjoint. Thus, if L has a real eigenvalue, then 
without loss of generality we can assume that L is nilpotent. If L has a complex eigenvalue, then 
without loss of generality in a certain basic in T p M the tensor L and the metric g are given by 
(HD, (©• 



3.3.2. Proof of pip for self-adjoint nilpotent endomorphisms with at most two Jordan block of 
dimension > 2 on cone manifolds. The proof is a purely linear algebraic: we derive (|31[) from 
Q32p . from the assumption that L is nilpotent with at most two Jordan blocks of dimension > 2, 
and from the existence of a vector v such that L r v 7^ for all r such that L r 7^ 0. All these 
conditions are fulfilled at every point of a certain everywhere dense open subset of M; clearly, 
if (|3ip is fulfilled at every point of a certain everywhere dense open subset of M, it is fulfilled 
everywhere. 
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We consider a generic point p € M and take a basis ex, e n in T p M such that in this basis L 
has the block-diagonal form 



(36) 



/ Jk 



V 







0/ 



where J k and J m are k x k and m x m dimensional Jordan blocks. Then, L(ei) = for 
i = 2, k,k + 2, k + m and L(ei) = for i = 1, fc + 1, k + m + 1, n + 1. We assume k > m 
and allow m = 1. Because of L k ~ 1 ^ 0, we have L k ~ 1 v ^ and therefore v has the maximal 
height; without loss of generality we may assume e k = v. 

We take two arbitrary vectors X, Y 6 T p M and the g-skew-selfadjoint endomorphism R := 
R(X, Y) — R l ]M X k Y e on TM . Then, the condition (f3"2"j) implies that L and _R commute as linear 

endomorphisms. Let us consider the bilinear form g(LR-, •) and show that it vanishes. 
Since for any u and w and for any r € N we have 



(37) 



g(L r Ru,w) = g(Ru, L r w) — —g(u, RL r w) = —g(RL r w,u) = —g(L r Rw,u), 



we see that the bilinear form g(L r R •, •) is skew-symmetric; in particular g(L r Ru, u) — for all u. 
We show 



(38) 



g(RLei, ej) = for all i, j = 1, . 



For i = fc + m + 1, n + 1 and arbitrary j we have L(ei t 
i = 1, k and arbitrary j we have 

g(RL eil e,) - g{RL k - l+1 v, e,) = g(l k -^Rv, e,) = g(0, ej ) = 0, 



1. 



so (J38J) trivially holds. For 



so 
1, 



holds as well. Since g(RL-, •) is skew-symmetric, we also have (|3"5)) for j = 1, k,k + m + 
n + 1 and arbitrary z. Now, for the remaining pairs of indexes i,j = k + l 1 ...,k + m, we have 



giRLe^ej) = g{RL k+m - l+1 e k+mi L k+m ^e k+m ) = g{RL 2k+2m - l -^ l e k+m ,e k+m ) = 0. 
Thus, g(RL-, •) = implying RL = as we claimed. 

3.3.3. Two interesting (counter) examples. The next two examples show that the assumptions in 
Section 13.3.21 that g is a cone metric and that L has at most two nontrivial Jordan blocks are 
important. 

The first example is based on the description of nilpotent parallel symmetric (0, 2)-tensor fields 
due to Solodovnikov [12] and Boubel |4J. In order to produce the second example, we applied the 
construction from [211 Theorem 3.3] to g and L from the first example. 



Example 1. In coordinates (xi,%2-,%3,%4) on U C 
field L given by 



we consider a metric g and a (1, l)-tensor 



/ x 3 x 4 

X3X4 

X3X4 X1X4 + X2X3 

y £3X4 X1X4 + X2X3 ) 



,L 



^0010^ 
1 


y j 



By direct computation it is easy to show that L is parallel and self-adjoint, while L p R p - km 7^ 
(because, for example, L p R^ 34 ^ 0). 



Example 2. We denote by (r, s, X\,X2, X3, X4) the coordinates on U C M 6 
function 

F(r, s, xi,X2, X3,X4) — r 2 e 2s (xiX4 + X2X3) + r 2 xzX4- 



consider the following 
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Then, we put 



(39) 



9 = 



(40) 











































































2 2 s 

r e X3X4 










r 2 e 2s x 3 X4 





F 
















2 2 s 

re 13I4 





F 


1 



L = e 



2« 



/ 


1 


r 











\ 




_ 1 

1- 


-1 




























1 






















1 






















V 

















/ 



Evidently, g is a cone metric. By direct computation one can prove that L is a parallel self-adjoint 
tensor field with respect to g, which is nilpotent and has three 2-dimensional Jordan blocks, and 
that L\FP skm £ 0. 

The last example shows also that the assumption on the signature of g in Theorem [5] is impor- 
tant. 



3.3.4. Indecomposable blocks can not have complex eigenvalues of L. Let us now consider the case 
when (parallel, selfadjoint) L on the indecomposable cone manifold M has two complex conjugate 
eigenvalues. Then, as we explained in Section 13.3. 1[ we may think that in a certain basis the 
matrices of g and L are as below 



(41) 



(42) 



L 



L = 



( 





1 





M 




( 





1 









-1 











, 9 = 




1 






















1 













1 


V 








-1 


J 




K 








1 


/ 


/ 





1 


1 


M 




( 











i\ 




-1 








1 


, 9 = 










1 
















1 







1 








V 








-1 


J 






1 








/ 



We again consider the g-skew-self adjoint endomorphism R := R(X,Y) — R l j k( X k Y e , where 
I,y £ T p M are arbitrary vectors. Then, the condition (152")) implies that L and R commute as 
linear endomorphsims. The matrix R satisfies therefore the relations 



(43) 



RL- LR = {) and gR + R l g = 0. 



Suppose now L,g are as in (|41|) . Then, (|43j) is a system of linear equations on the components 
of R. Solving it (which is an easy exercise in linear algebra) we obtain that in this basis R has the 
form 









— R4,2 


R4,l 








— -#4,1 


— -#4,2 


R-4,2 


—-#4,1 








R-4,1 


Fi4,2 









We see that R is nondegenerate unless -#4,2 = ^4.1 = 0. But it is degenerate since Rv = 0. Then, 
i?4.2 = R4.1 = 0. Thus, for any X, Y we have R := R(X, Y) = implying the metric is flat. 

Suppose now L,g are as in (|42j) . In this case the equations (|43|) already imply that R = 0. 
Thus, also in this case, for any X, Y, we have R := R(X, Y) = implying the metric is flat. 
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3.3.5. The existence of parallel vector fields provided (|3ip . In Sections 13.3.11 15.3.21 I3.3~4"l we have 
shown that under the general assumptions of Section [3 .31 each selfadjoint parallel tensor is the sum 
of const • Id and a (parallel, selfadjoint) tensor L satisfying L\R s j kl = 0. Then, the goal of Section 
i.e., the "diagonal" part of Theorem [S] follows from 



Lemma 9. Let L be a parallel (l,l)-tensor on a connected simply- connected [M,g) satisfying 
LlR S jki ~ (where R is the curvature tensor of g). Then, there exists r = rank(L) linearly 
independent parallel vector fields of M such that at every point they lie in the image of L. 

Proof. At every point p € M we consider the subspace D p := Image(L) C T p M . Since the tensor L 
is parallel, its rank is constant and D is a smooth distribution. Since L is parallel, D p is integrable 
and totally geodesic. Then, the restriction of the Levi-Civita connection of g to the D p (considered 
as a subbundle of the tangent bundle) is well defined, and its curvature is the restriction of the 
curvature tensor R to D. The condition L l s R s ^ kl — implies that the curvature of the restriction 
of the g-Levi-Civita connection to D p is zero, so the connection on the subbundle D is flat. Then, 
each vector v(p) € D p can be extended to a parallel section in D. □ 

3.4. Collecting all facts: proof of Theorem [5j Let M be a n + 1 > 4-dimensional cone 
manifold of signature (0, n + 1), (1, n) or (n — 1,2). Let TM = Vq © V\ @ ■ ■ ■ @ Vi be a maximal 
orthogonal nondegenerate decomposition invariant w.r.t. holonomy group and L be a selfadjoint 
endomorphism invariant w.r.t. holonomy group. 

We consider the decomposition ([29)) of L into the sum of orthogonal projectors and regroup the 
summands to obtain: 

„M (a) 

(44) L=PLP + \ PLP + yPLP 




(a) 

It is sufficient to show that each term (A), (B), (C) is a linear combination of projectors P and 
an endomorphism of the form ^2 CijTi ®r*, where r% and r* are vectors and 1-forms invariant with 
respect to the holonomy group. For the (A)-component it is nothing to prove: every endomorphism 
from Vq to Vq has this form. For the (B)-components, we have proved this in Lemma [SJ For the 
(C)-components, this follows from Lemma [9j Theorem [5] is proven. 

4. Proof of Theorem [6j 
As in the proof of Theorem [5j we consider the maximal orthogonal decomposition 

TM = V ®---®Ve, 

where Vq is a ^-nondegenerate subspace of maximal simension such that the holonomy group acts 
trivially on it and V a , 1 < a < I are g-nondegenerate subspaces invariant w.r.t. the holonomy 
group. We denote by k the dimension of the subspace where the holonomy group acts trivially, 
i.e., the number of linearly independent parallel vector fields of g. We need to prove that the 
possible values (k, t) are (fc = 0, . . . , n - 2,£ = 1, . . . , [ "~^ +1 j).. 

We first prove k < dim(M) — 3 = n — 2. Indeed, suppose we have n — 1 parallel vector fields. 
By Lemma 21 parallel vector fields u and the cone vector field v are linearly independent at points 
such that Rijkm 7^ 0. We take a basis at the tangent space T p M (for almost every point p such 
that Rijkm 7^ 0) such that the first n — 1 vectors of the basis are the parallel vector fields, the nth 
vector is the vector v. As we have shown in the proof of Lemma |4j the parallel vector fields u and 
the cone vector field v satisfy 

v rt s j m an, s j m — u. 

Then, in this basis, the components Rij ms such that at least one of the numbers i,j,m,s is not 
n + 1 are zero. The remaining component Rijms with i=j = m = s = n+ l is also zero in view 
of the symmetries of the curvature tensor. Finally, R l j ms = which contradicts the assumptions 
of Theorem [6] 

Let us now show that £ is at most j . 
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We denote by U the subspace of T p M such that the holonomy group acts trivially on it. For 
a = 0, . . . , £, we put s a = dim V a and for a — 1, . . . , £ we put r a = dim U (1 V a . Evidently, 

dim M = n + 1 = sq + s± + ■ ■ ■ + sg and k = sq + r± + • • • + rg . 

Next, let us show for every a = 1, £ we have s Q > r a + 3. 

(«). 

Let R 1 j kl be the restriction of the Riemannian curvature to V a . Then, for every u £ U PI V a 

(a). 

we evidently have Ui R t jki = 0- Moreover, as we have shown in Lemma [5l for the cone vector field 

_ W>. («) (a) 

w := u the vector u 1 = Pv is the gradient of a certain function v satisfying (|19|) (w.r.t. to 
<7 a ), see Lemma [2j and therefore is nonzero at almost all points and also satisfies 

(a) -( Q )- 

V>R* jhl =Q. 

. . (a) 

By Lemma m v i is linearly independent of the space U D V a . Thus, at least [r a + 1) linearly 

.(«). 

independent vectors u G V a (at the tangent space of almost every point) satisfy v? R q ' - M = 0. 

(a). 

Suppose dim V Q = s Q < r Q + 2. Then, since R l j km is g-skew-symmetric with respect to the 
first two indexes it must be zero, which contradicts the assumption. Therefore, s a > r a + 3. 
Combining this with n + 1 = So + Si + • • • + S£ > So + (?'i + 3) + ■ • • + (r^ + 3) = k + 3 £, we obtain 
£ < [ " + g~ fc j . Theorem[B]is proven. 

Remark 6. As we explained in Section |2.7[ just proved Theorem [6] implies Theorem Q] under the 
additional assumption B = B(g) 0. 

5. Proof of Theorem [T] if B = and there exists a solution (a, A,/i) with /x ^ 0. 

5.1. Scheme of the proof. We reduce this case to the already proven case when B ^ 0. The 
reduction is as follows: in Section 15.31 we show that in any open subset on M with compact 
closure there exists a geodesically equivalent metric g that is arbitrary close to g and such that 
B = B(g) ^ 0. Since geodesically equivalent metrics evidently have the same degree of mobility, 
we obtain that for any connected simply connected neighborhood U C M with compact support 
the degree of mobility of gm is as in Theorem [TJ Having this, in Section IBT41 we show that on the 
whole manifold the degree of mobility is as we claim in Theorem [1] . 

The remaining case, when the extended system does not admit solutions with /i ^ 0, will be 
considered in Section [5] 

5.2. How B changes if we change the metric in the projective class. 

Lemma 10. Let g and g be two nonproportional geodesically equivalent metrics with degree of 
mobility D(g) — D(g) > 3 and let <f>, a, X and /i be as in Sections \ 2.1\ \2.2i Then, the constant 
B = B{g) is equal to 

(45) B = -e- 2 ^V + cjjpW) 

Proof. Since D(g) > 3, for every g there exists a triple (a^ , Ai, fi) satisfying (I12p such that 

(46) a tJ =e 2 *g tp g™g q3 , X k = (a pq g™) . 
By direct computation, 

(47) \ k =\d k (a ijg V) # e 2 U k g pq 9 Pq + e^g pq g™ k § 

= e 2 Uug pq 9 Pq + \e- 2lp g pq {-2^ - s g^ - ^51) = - e 2 U P 9 pq 9 q k 
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Let us calculate A* 

(48) Xi d = V, (~e 2 U P g pq 9v) = ~ 2e 2 U^ P 9 Pq g qt ~ e 2 U P , 3 9 Pq 9 q r ~ ^Hvt^i = 

= - 2e 2 %<f> p g p *g qi - e 2 U M 9 m 9 ql + e 2 U P 9 q i{Wf9 m + ^g sp S q + <j> s g sq 5 p ) = 

= -e 2 U P .j9 pq g qi - g l3 {M q ~9 pq ) + e 2 U P ^9 pq 9v 

Next, we substitute A.y = ixgij + Baij which is the second equation of (|12[) and rearrange the 
components to obtain 

(49) (fi + p A p ). 9l , = e^gPig^p^ - <f> Ptj - Bg pj ) 
Multipling the equation by e~ 2 ^ g %v g pq and renaming the indices we obtain 

(50) e^iji + (f> P \ p )g t3 + B gij = fo^ - fa 
Let us now swap metrics g and g and rewrite ()50jl in the form: 

(51) e~ 20 (/2 + (f> p X p )g ij + Bg tj = (f>i<f>j - fa 

Here we denote all the components corresponding to the chosen metric g with bar and derivation 
with respect to the Levi-Civita V of g by semicolon. It is easy to see that (f> = —<fi and 

fa = <f>i:j + tyi&j 

We substite (f>i<f>j — <fii,j = ~{4'i < l > j ~ fii-.j) m (|50p to obtain: 

(52) e~ 2 *( M + <i> p \ p )g l2 + B 9ij = -e- 2 \ii + 4> p \ p )g l0 - Bg l3 
Thus, 

(e- 2 ^ + <f> p \ p ) + B) ~ 9lJ = (-e- 2 ^(/2 + 4> p \ p ) ~ B) 9ij 

By Weyl [26J , g and g are nonproportional at almost every points, so both scalar coefficients vanish 
and the formula (|45[) is proven. □ 



5.3. The local existence of a geodesically equivalent metric g with B — B(g) ^ 0. 

Lemma 11. Let (M,g) be a Lorentzian manifold with D(g) > 3. Assume B = and suppose 
that the extended system (|12| admits a solution (a, A, fj.) with fi ^ 0. Let U be an open subset in 
M with compact closure. 

Then, there exists a metric g on U that it is geodesically equivalent to the restriction g\u, such 
that the corresponding constant B := B(g) ^ 0, and such that g is arbitrary close to g in the 
C 2 -topology. 



Proof. Since B — 0, the extended system (|T2j) reads 

Aij = [J,9ij 
H,i = o. 

Thus, /i is a constant. By assumption, there exists a solution (a, A, with [i ^ 0. Without loss 
of generality we can assume /i = 1 . 

Consider the one-parameter family (<Xy(i) := iA^Aj + gij, Xi{t) := t\ L , /i(t) := t/i = t). It is easy 
to see that for each t the triple (a(t), A(i), /z(t)) satisfies (|53|) . 

Evidently, since U has a compact closure, there exists (sufficiently small) to > 0, such that for 
all — to < t < to the solution ay(t) is nondegenerate everywhere on U and the signature of the 
corresponding metric g(t) coincides with that of g. 

The triple (ay(t), Aj(t),/i(t)) determines the metric g(t) and the 1-form <j>(t) on U. By LemmafTOl 
B(t) := B(g(t)) = -e" 2 ^^) + 4> P {t)\ p (t)). 

Our goal is to show that there exists t such that B(t) ^ 0. Since e" 2 ^*-' > 0, it is sufficient to 
prove that B*(t) = fj,(t) + 4> p (t)\ p (t) > for a certain t. Let us calculate the ^-derivative of B* 
att = 0: 

{t + t\ p fat)) = 1 + fa0)X p - 1 ? 0. 



Ilt=o S *(*)= J t 



t=o 
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Since the smooth function B* (t) has non-zero derivative at the point t = 0, there exists suffi- 
ciently small positive t < to such that B*{t) and, therefore, Bit) is not zero. Then, the metric 
g — g(t) satisfies the requirements. □ 

5.4. Transition "local" — > "on a simply-connected manifold". 

Lemma 12. Let (M,g) be a connected pseudo-Riemannian manifold, and M = UfL 1 M s , where 
M s are open connected subsets in M and M s C M s +i- Denote by g s the restriction of g to M s . 
Then, there exists k such that for every k! > k we have D(g) = D(gk'). 

Proof. Evidently, for every solution a £ Sol(g s ), its restriction to My C M s with s' < s is a 
solution of the main equation (|10[) for g s i. We define the linear map <p s i : Sol(g s ) — » Sol(g s i) by 

<M a ) = a \ s > 

If two solutions and coincide on an open subset, they coincide everywhere. Thus, for 
every s' we have kerbs' = 0, so we obtain 

dim Sol(g s >) > dim Sol(g s ) > dim Sol(g). 

Then D(gx), D(g 2 ), D(g s ), ... is a semidecreasing (in the sence D(g s ) > D(s') for s < s') 
sequence of natural numbers. Therefore, there exists a number k such that D{gk) — D(gk') for all 
k 1 > k. As we explained above, D(g) < D(gk). Let us show that D(g) > D(gk). 

Consider an arbitrary k' > k. Then <f>k{Sol{gk')) C Sol(gk) and dimSol(gk') — dim Sol(gk). 
Since (f>k is a linear map with zero kernel, we have <pk{Sol{gk')) = Sol(gk). Thus, every solution 
a £ Sol(gk) on Mk can be uniquely extended to the solution a £ Sol(gk') on Mk'. 

Now we consider 4>k : Sol(g) — > Sol(gk). Our goal is to show that cf>k(Sol(g)) = Sol(gk). We 
choose an arbitrary a € Sol(gk) on Mk and define its extension A 6 Sol(g) on M in the following 
way: For every point P £ M there exists k' > k such that some neighborhood of P lies in ■ 
Then there exists extension a' £ Sol(gk') of a, such that ^a! = a. We define A(P) :~ a'(P). 
Clearly, this construction does not depend on the choice of k', so A(P) is well-defined for all 
P e M. By construction it satisfies dTU]) on M. Then, A £ Sol(g) and <f>k(A) = a £ Sol(gk). 

We obtain that <pk{Sol{g)) = Sol(gk) and, therefore, dimSol(gk) = dimSol(g). □ 

Combining Lemma Qj] and Lemma I12[ we obtain Theorem Q] under the additional assumption 
that B = and /i ^ 0. Indeed, take a sequence M s of simply-connected connected open subsets of 
M such that M s C M s+ i, each M s has compact closure, and U^Li Ms = M. Then, by Lemma fT2| 
there exists k such that the degree of monbility of g^ — g\n k is D(g). By Lemma HT1 there exists 
(jk on Mk which is geodesically equivalent to gk on Mk, with B ^ 0. Then, D(g) = D(gk) = D(g~k)- 

Since g~k satisfies the conditions of Theorem [1] and has B = B{gk) ^ 0, we have D(g) = D(g~k) = 
!<t±±l + I for a certain k £ {0, 1, n ~ 2} and 1 < I < . Theorem[l]is proved under the 

assumption that B = but there exists a solution (a, A, fi) with /i ^ 0. 

6. Proof of Theorem Q] if all solutions (a, A, /i) have ^ = 0. 

In fact, we show that in this case the list of degrees of mobilities of g is smaller than in the 
generic case B ^ 0: 

Lemma 13. Let g be a Lorentzian metric on a connected simply- connected manifold M admitting 
a metric g that is geodesically equivalent but not affinely equivalent to g. Suppose that D(g) > 3, 
the corresponding constant B is equal to 0, and that every solution (a, A,/i) of (|12| has ji = 0. 
Then, D(g) = M*+H + £, where 1 < k < n - 3 and 2 < i < L Ii ^p i J • 

6.1. Technical statements that will be used in proof of Lemma 1131 Within this section 
we assume that (M, g) is a connected simply connected n > 3-dimensional manifold of riemannian 
or lorentzian signature with D(g) > 3 and _B = 0. 

Lemma 14. Assume a/Z solutions of the extended system (|53[) /iawe /i = 0. Let (aij,Ai,0) 6e an 
arbitrary solution. 

Then, Xi is parallel and orthogonal to any parallel 1-form on M . In particular, if \ ^ 0, then 
it is isotropic and the signature of g is lorentzian. 
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Proof. Since B = and [i = 0, the extended system (TT2")) reads 



(54) 



A. 



0. 



Thus, for every solution (ay, Aj, 0) of the extended system, Xi is parallel as we claimed. As we 
explained in Section [2. 1\ Xi = A.^ for the function A := \ Tr 9 a. 

Consider an arbitrary parallel 1-form i>i on M. It is evidently closed; since our manifold is 
simply-connected, there exists a function v such that Vi = u,-. We take the 1-form Ui given by 



aaV 



vX,. 



(55) 

We have 

(56) u ijk = a ij>k v j + a^v^ - v k Xi = Xig jk v 3 + Xjg ik v J - v k X l = (XjV j )g ik 
Let us now take a'^ = UiUj and show that a' is a solution of (|53p . Indeed, 

(57) a' ijk = UiUj tk + u i>k Uj = u l X q v q g jk + UjX q v q g ik . 

Thus, a'tj satisfies the first equation of ([53)) with A' ; = X q v q Ui. In order to calculate the corre- 
sponding [i! we use the second equation of (|53[) : 

We see that fi' = (X q v q ) 2 . Thus, for parallel Vi we have constructed the new solution (a' := 
UiUj,X' := X q v q Ui,[j,' := (X q v q ) 2 ) of (|53|) . By assumption every solution of (|53|) has /i = 



implying Ai is orthogonal to Vi as we claimed. 



□ 



Lemma 15. Let g be a Lorentzian metric such that B = and such that all solutions of the 
extended system (|53p have fi = and let (ajj,Aj,0) 6e an arbitrary solution with Xi =/= 0. 

Then, there exists a constant C such that ( at every point p £ M ) X 1 is an eigenvector of a*- 
with eigenvalue X + C . Moreover, all other eigenvalues of a* are constants. In a generic point 
the eigenvalue X + C has algebraic multiplicity 2, geometric multiplicity 1, and corresponds to the 
2-dimensional nontrivial Jordan block of a\. 

In other words, in a generic point of M the Jordan form of a* looks as follows: 



I X + C 1 

x + c 



(58) 



V 



Pi 



P-2 



\ 



Prn I 



where X — \ Tr g a, where p 2 j • ■ • i Pm are constant eigenvalues of multiplicities k 2 , ■ ■ ■ , k m respec- 
tively and C := -|^"> 2 k s p s . 

Proof. In order to show that A^ is the eigenvector of a^- , we construct Ui as in (|55p with Xi playing 
the role of Vf. 

Ui = aijX 1 — AA,;. 

Then, Ui,h — (^j^)gik = and Ui is a parallel 1-form on M. By Lemma [T4j it is orthogonal to 
Xi, so we have 

= UiA* = {a l3 X j - XXi)X l = aij X 3 X l . 
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Then, there exists a function u such that u i — ui. Next, define f/j = a.^u 3 — u\ (similar 
to (|55p ). By direct calculations we see U^k = (\jU J )gik = 0. Thus, Ui is parallel and in view of 
Lemma mi orthogonal to A, . Hence, 

r,A' ( aij V j - IA,;A' = chjV'X* = a ij u j X i = a l3 {a\X l ~ XX' )X' = a^aj X l X\ 

At every point P, consider S — span{Ai,iti} C TpM. We have XiU 1 = XiX 1 = 0. Moreover, 
since aijX l X 3 = and aija 3 l X l X l = 0, we also have uiu 1 = 0. Indeed, 

Ui u l = ( aij X j - XX l )(alX l - XX 1 ) = aij X j aiX l = 0. 

Therefore, S is a totally isotropic subspace. Since g is Lorentzian, the dimension of S is at most 
1. Thus, the 1-forms Ui and A^ are linearly dependent everywhere on M. Since they are parallel 
and Xi 0, there exists a constant C such that itj = CXi. Then, 

a)X J =u l + XX l = (C + X)X\ 

i.e. A' is an eigenvector of a* whose eigenvalue is (A + C) as we claimed. 

Next we calculate the algebraic multiplicity of the eigenvalue. We assume that we work at a 
point such that the multiplicities of the eigenvalues of aj are the same in a small neighborhood; 
almost every point has this property. Near such points, the eigenvalues px = X + C, p2, ■ ■ ■ , p m are 
well-defined smooth functions. 

By Splitting Lemma (|U Theorem 3]; actually at this point we need only [2 , Theorem 1]), there 
exists a local coordinate system (x^ , . . . , \ . . . ,x I ), such that each eigenvalue pi 

depends only on the coordinates {x^\ . . . ,x^). Clearly, 

(59) Traj=2A(xP,...,4 1 i ) ) = 

= fc!(A(4 1} ,. • ■ ,4?) + C) + fc 2P2(4 2 } , ■ • •,4! ) ) + ' ' ' + k mPm {xi l \ ■ ■ ..asff)- 

Differentiating ([55)1 with respect to Xi — x^p we obtain 2A^ = feiAj. Since Xi ^ we have k± = 2 
as we claimed. Differentiating (15911 with respect to with s > 1 we obtain d (s) p s — 0. Thus, 

all p s for s > 2 are constants as we claimed. 

Our next goal is to show that the 2-dimensional Jordan block corresponding to the eigenvalue 
A + C is nontrivial (i.e., is not proportional to Id). 

By Splitting Lemma, the distribution of the generalized eigenspaces is integrable. Thus, locally 
there exists a 2-dimensional submanifold N in M whose tangent space is TN = ker((a) - (A + C) Id) 2 

Moreover, by Splitting Lemma, there exists a metric h to N, such that the restriction of a* to 
iV is a solution of the equations (fTO)) for the metric h on N, and such that its only eigenvalue is 
(A + C). If the restriction of a* to TN is diagonal, it must be a* = (A + C)5j, so the tensor field 
o-ij = (A + C)hij. By [5] Lemma 4], A + C is constant on N implying it is constant on M which 
contradicts the assumptions. 

Then, the restriction of a* to its generalized eigenspace TN is not diagonal, therefore, is similar 
to the nontrivial 2-dimensional Jordan block. 

Since g has the lorentzian signature, a selfadjoint endomorphism does not admit more than one 
nontrivial Jordan block by Theorem [HI Therefore, a* has the Jordan form □ 

Next we consider the metric admitting the solution a* whose Jordan form (at almost every point) 
is (f5"5|) and show that if (M, g) is indecomposable and does not admit solutions with p, ^ 0, then a* 
has at least 2 different constant eigenvalues and all constant eigenvalues of a* have multiplicities 
at least 2. 

Lemma 16. Suppose that almost everywhere on M the tensor field a* has the Jordan form (|58l) . 
Assume (a,ij,Xi) is a solution of (jlOp such that A; is parallel and isotropic. Then, the following 
statements hold: 

(1) If m = 2, i.e. a* has only one constant eigenvalue, there exists a 1-form Vi satisfying 

v hj = 9ij- 
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(2) //, for a certain s > 1, the eigenvalue p s has multiplicity k s = 1, then there exists a parallel 
1-form on M that is linearly independent of Xi. 

Proof. We first describe g in a neighborhood of almost every point in M. We denote the char- 
acteristic polynomial of a* by x(i) and consider its decomposition into coprime components 

X s(t) = (t- P s) k °: 

X(t) = (t-X- Cf -{t-p 2 ) k * (t- Pm ) k ™ . 

XI (*) X2(t) Xm(t) 

This decomposition is "admissible" in the terminology of Splitting Lemma. Therefore, there 



exists a coordinate system (x% , x 2 , . . . , x^j, ■ ■ ■ >2>i > 
have the following block-diagonal form: 



, x^ ) on M such that a* and gij 



(60) 





/ X(xi,x 2 ) +C f(x\,x 2 ) 

X(xi,x 2 ) + C 






\ 


4 = 




P2 Idfe 2 


















\ 






Pm Idfc m 

/ 



(61) 



X 



h 1 (x 1 ,x 2 ) ■ Xi(Ai) 










h 2 (xW)- X2 (A 2 ) 




















h m (x^) ■ X m{A m ) , 



where Idfc is an /c-dimensional identity endomorphism, A s are k s x k s matrices given by 

X(x-l,x 2 ) + C f(xi,x 2 ) 



A 1 



X(xi,x 2 ) + C 



and A s = p s ld ks , 



h s are nondegenerate symmetric matrices such that the entries of h s depend only on the coordinates 



» 



» 



and such that h s is positively definite for s > 2, and Xs(t) 



(it is a polynomial 



' • ■ • 1 ^k, ! a * LL> - 1 ullclu '"S m jjuoiuiv^ij uauiiu^ lui c ±_ t>, ciiiui ^ S \UJ .— X U\ 

of degree n — k s ). 

Note that, since for all s > 2 the eigenvalues p s are constant, Xx(t) has constant coefficients. 
Thus, xi(Ai) depends on the variables (2:1,12) only. Since A s = p s Idk 3 , 

Xs(A s ) = Xs(Ps IdfcJ = X s (p s )Idfc s = const -(ps - A - C) 2 Id fcs . 

Therefore we can rewrite metric g in the following form: 

(62) 

/ 



9ij 



\ 









\ 




(X(x u x 2 ) + C- P2 ) 2 g 2 (xW) 




















(X( Xl ,x 2 ) + C - Pm ) 2 g m (xW) J 



where g s for s > 2 are certain positively defined symmetric k s x fc s -matrices depending only on 
the coordinates x± , . . . , . 

Let us now prove the Lemma under the assumption of Case (1): we assume m = 2 so a* 
has only one constant eigenvalue p 2 of multiplicity k 2 . Instead we consider ay — Cc^; the pair 
(aij — Cgij, Xi) is clearly a solution of (fTU|) . Clearly, X 1 is the eigenvector of dj — CSj with eigenvalue 
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A and all other eigenvalues of are zero. Then, the matrix of a* 
is given by 



CSj in our coordinate system 



/ X(xi,x 2 ) 



(63) 



C<5! 



f(xi,x 2 ) 
X(x 1 ,x 2 ) 



V 



We consider the (unique) 1-form Vi such that 
(64) a,ij - ('</,, = r,X, + vjXi. 

Such 1-form exists at almost every point since rank of — Cgij is two and since Xi ^ in the 
image of ly. In order to show the existence everywhere, we observe that (|64|) is a system of 
linear equations on the components of m whose coefficients (i.e. the components of A.; and of Lij) 
smoothly depend on the positions. Then, the existence of a solution almost everywhere implies 
the existence of a solution everywhere. The uniqueness of the solution follows from Xi ^ (which 
is fulfilled everywhere since Xi is parallel) and implies that Vi is smooth. 
Covariantly differentiating (|64l) and using (fT0|) . we obtain 



XjV ik 



Xigjk + Xjgik — 
•Uifc) = implying g ik 



XiV 



as we want. Lemma is proved under 



implying X l (g ]k - v itk ) + Aj (gik - 
the assumptions of Case (1). 

In order to prove the Lemma under the assumptions of Case (2), we suppose that a* (in a 
generic point) has a constant eigenvalue of multiplicity 1. We renumerate the eigenvalues such 
that the last eigenvalue p m has multiplicity k rn = 1. 

Then, the last component of the metric g in (|62[) is one-dimensional, and one can choose (locally, 
in a neighborhood of a generic point) a coordinate w — x n such that the corresponding 1-form 
Wk = w_k satisfies the following conditions: 



(65) 
(66) 

We consider the following 1-form 
(67) 



p m w J 



WiW 



(A + C - Pm f 



(A + C - p m )wi - wXi 



and show that it is parallel. First we describe how the (l,l)-tensor up k viewed as an endomorphism 
acts on the basis vectors of the tangent space T p M . Note that XiW 1 — 0, since both vectors are 
eigenvectors of a* with different eigenvalues. We covarinatly differentiate ([63)1 and substitute 
aij.k = Xigjk + Xjgik to obtain: 

(68) XiW k + aijw 1 k = p m w lt k- 

Now we contract the equation with an arbitrary eigenvector r 1 , such that a^T- 7 = Tr J . We 
obtain (X.^Wk + TrjW 1 k = p m T l w hk - Thus, (T - p„ 
For all basis eigenvectors r* with eigenvalues p\ - 



)vr k Tj = X l r' l Wk- 



A + C,p2, ■ ■ ■ Pm-i we have T ^ p m and 



XiT 1 = 0. Therefore, for every such vector we have w k Tj 



= 0. 



Let us put Ti equal to the last eigenvector Wi and calculate w J 



1 



W \k W 3 



(wjW J ),k = d k 



1 



2(x + c- Pm y 



{X + C- Pm f 



As the remaining basis vector of T p M we take v l such that a^v^ = (A + C)v l + A*. 
Then, contracting (l68|) with v % we have: (XiV l )wk + ((A + C)vj + Xj)w J k — p m w i,kV l - Thus, 
J ,i. = ^1 — „„ 
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We have constructed the basis of T p M whose first (n — 1) vectors are eigenvectors of dj and 
the last vector is the vector Vi, and calculated entries of endomorphism w k in this basis. We 
substitute it in the derivative of (|67l) which is Uij = (A + C — p m )wi,j + XjWi + Wj\. In order to 
show Ui j = it is sufficient to show that we obtain zero 1-form if we contract Ui j with all vectors 
of our basis. 

For any eigenvector r* of a) corresponding to the eigenvalues p\ = A + C, p 2 , ■ ■ ■ , p m -i, we have 



rJ 



(A + C — p m )wi,jT :> + XjT J Wi + WjT J Xi = 0, because n is orthogonal to both A; and Wi. 
Moreover, Uijw J = (A + C — p m )wijW J + \jW J Wi + WjXiW 3 = 0. For the remaining basis vector 
v* we have Ui^v 3 = (A + C — PmjWi^v 3 + XjV 3 uii + WjXiV 3 — 0. Therefore, u^j = and u,; is a 
(nonzero) parallel 1-form linearly independent of A^, whose existence we claimed. 

We constructed the 1-form Ui at generic point only. In order to extend Ui to the whole manifold 
M, we consider the distribution W on M defined as follows: 

In a neighborhood of a point P such that X(P) + C 7^ p s for s = 2, m we put 

W — ker ((a — (A + C) Id)(a — p m Id)) = span{ui, Xi}. 

In a neighborhood of a point P such that X(P) + C = p s for some s = 2, m — 1, we put 

W = {const -A*} © ker(a - /9 m Id). 

And in a neighborhood of a point P such that A(P) + C = p m we put 

W = ker(a - (A + C) Id) (a - p m Id) n 

It is easy to see that W is a well-defined smooth 2-dimensional distribution on M; moreover, 
almost everywhere it coincides with a linear span of two parallel vector fields A 4 and u l . Thus, it is 
parallel and flat almost everywhere and, therefore, everywhere on M . Then, there exist a globally 
defined parallel 1-form on M that is linearly independent of A^. □ 

Corollary 2. Let (M,g) be an indecomposable Lorentzian manifold with D(g) > 3, such that 
B = and all solutions of the extended system (|53[) have p = 0. Suppose there exists at least one 
solution (dij, Aj,0) of (|12p such that A,; 7^ 0. Then, the dimension of M is at least 6. 

Proof. By Lemma [131 i n a certain basis the matrix of a* has the form (f55|) . Since M does not 
admit solutions of (fT2l) such that /1 7^ 0, there exists no such that Ujj = 0. Indeed, for such 
the triple (a^ = UjUj,A^ = i>i,/^ = 1) is a solution of Then, by Lemma \W\ m > 3. Since 

M is Lorentzian and indecomposable, it does not admit parallel 1-forms that are not constant 
multiples of Aj. Then, by Lemma ITBI k > 3. Thus, dimM >2 + 2 + 2 = 6aswe claimed. □ 

Corollary 3. Assume g (on a connected simply connected manifold) has lorentzian signature, 
D(g) — 3, B — and every solution (a, A, p) of the extended system (|53p has p = 0. Then, every 
homothety vector field of g is an isometry. 

Proof. We will work in a neighborhood of a generic point and consider the coordinates 

/ ( 2 ) (2) (m) (m)\ 

\X\, X2,Xi , • ■ • , X/ C2 , . . . , X 1 , • ■ • , J 

as above such that g has the form (p2l . By Lemma [15) m > 2. 

Clearly, any homothety (and therefore any Killing) vector field has the form 

(69) «< = (^(n.u), v 2 (xi,x 2 ),vW(xW), w£V 2) ). v[ m \x™), w&V" )) • 

Indeed, any homothety sends 5 to const -g for const 7^ and the solution to a nontrivial 
solution, that is to a tensor of the form C\aij+C2gij- s rC^,XiXj (for Ci 7^ 0). The pair (const -g, C\a+ 
C2g + C^X®X) determines the foliations corresponding to the coordinate plaques (xi, x%), x^ 2 \. . . , 
x {m) un iq ue iy ; since the foliations do not depend on the choice of constants const 7^ 0, C\ 7^ 0, C2 
and C3. Then, any homothety preserves the foliations and therefore has the form (1691) . 

We take any s = 2, m and consider the coordinate plaque of the coordinates (x^ , . . . , x k ), 
i.e., the fc s -dimensional submanifold given by the equations 

x\ = consti,a;2 = const2, . . . ,x k _ — const ^ _ 1 ', x^ 1 ' — const^ s+1 ', . . . — const^™' 



DEGREE OF MOBILITY FOR METRICS OF LORENTZIAN SIGNATURE 



25 



with the restriction of the metric g to it which in view of (p2")l has the form (X + C — p s ) 2 g s , and the 

orthogonal projection of v l to this plaque which has the form v l restr := (v[ s ^ (x^), . . . , (x^)^ . 

Since the vector field v l is homothety, the vector field v l restr is also a homothety (possibly, with an- 
other coefficient) so the pullback ^ g s w.r.t. to the flow of the vector field is equal to exp(a s t)g s . For 
another s (which we denote by s'), by repeating the arguments, we also have <p1 g s > = exp(a S 't)g S ' ■ 
Now, since the homothety sends the (unique, up to a factor) covariantly constant 1-form Xi to 
j3 ■ Xi, we have that the evolution of the function A along a trajectory of the flow of v r is given by 
X(t) := X(<f) t (p)) = (3X(p) + 7. All together, we obtain 

(70) <p* t g sl = exp(a s t)g s ,, <p* t g s , = exp(a s >t)g s > , X(t) = f3X(p) + 7. 
Combining this with the assumption that the flow of v l acts by homotheties, we obtain 

(pX(p) + 7 - p s ) 2 exp(a s t) = (p\(p) + 7 - Ps') 2 exp(a s d). 
Then, a s = a s i and j3 = which implies that the vector field v l is a Killing vector field. □ 

6.2. Proof of Lemma 1131 Since g admits at least one metric which is geodesically equivalent, 
but not affinely equivalent to g, there exists at least one solution (a.y, A^) with nonzero vector field 
\. 

Let us first show that if and are solutions of (|53[) with nonzero vector fields A^ and A^ 
respectively, then there exists a constant C, such that Ca^ — is parallel. 

We consider the space S — span{Xi, Xi}. By Lemma [HI S is totally isotropic. Since g has 
lorentzian signature, dimS* is at most 1. Thus, there exists C such that CAj = A^. Since both 
vector fields are parallel on M, C is constant. Then, 

(Ca i:j - hj),k = (CXi - Xi)g ]k + (CXj - X j )g lk = 

so Cdij — dij is parallel. 

Thus, the space of solutions of the extended system (fT2f is the direct sum of the space Par(g) 
of parallel symmetric (0,2)-tensor fields and one-dimensional space {C • fly}. Then, D(g) = 
dim Par(g) + 1. 

In order to calculate dim Par(g) we will use essentially the same construction as in Theorem|6l 
Consider the decomposition of a tangent space T p M into the direct sum of subspaces, invariant 
with respect to the action of the holonomy group Hol p (M) 

(71) T P M = V ®Vi®---®Vt 

where Vo is maximal nondegenerate flat subspace and V Sl s > 0, are indecomposable nondegenerate 
subspaces. We denote the restriction of g to V s by g s . 

All parallel symmetric tensor fields on the Lorentzian manifold M are given by the formula 

k i 

(72) A = Cijn <g) Tj + ^2 dgt, 

i,j=l »=1 

where Cij is a constant symmetric matrix, C\, Ci are constants and Tj are the basis in the space 
of all parallel 1-forms on M. Then, dim Par(g) — k ( k + is > _|_ £. 

In order to complete the proof we need to show that I and k satisfy 1 < k < n — 3 and 
1 < i < L^J- 

Recall that in the case of cone manifold, the estimation uses the existence of solutions of (TITJ)) . 
In our case the whole manifold M does not admit a solution of (|19p . but, as we show below, each 
indecomposable Riemannian block does admit a solution of (|19| . 

Since g has lorentzian signature, one of the metrics g s ,s > is a Lorentzian metric and all other 
metrics are Riemannian. 

Suppose go has lorentzian signature. Since Xi is parallel, projection of Xi to each block is parallel. 
But indecomposable Riemannian blocks do not admit parallel vector fields. Thus, A 4 € Vo. On 
the other hand, we have shown that every parallel vector field on M is orthogonal to Ai. Thus, 
Xi G ker <7o- Then, go is degenerate on Vo, which is a contradiction. Therefore, go is Riemannian. 
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Then, without loss of generality, we can assume that (Vi,<?i) is Lorcntzian indecomposable 
block and Aj G V\. 

Let us now denote by M s the integral submanifolds of the distribution generated by V s \ the 

(«) ~ s 

restriction of the metric g to M s will be denoted by g . Our next goal is to construct a 1-form ui 

on each M s such that u^j — g\j. For s — the existence of such Ui is trivial, since ^g is flat. 

We take arbitrary s > 1 and denote by Pj the orthogonal projector of T p M to V s . Note that 
P* is parallel. For any vector field v % on M we consider the vector field u % — P^aj k v k on M s . 

Its covariant derivative with respect to the index k such that d k € V s is given by 

u\ k = (Pjafv l ), k = Pja{ k v l + Pjaiv\ k = P)X> g lk v l + P^v 1 + P>? v\ k = l>:Xn J 

=0 =0 

( s ) 

implying that, on V s , we have Uij — (Xiv ) g ... 

Since Vi is g-nondegenerate, there exists a vector field v l tangent to Mi such that A;v l = 1. 
Then, the corresponding 1-form m on M s satisfies the property — gij as we what. This in 
particular implies that every block V s has dimension at least 3, see Lemma [3] 

Next we consider the (Mi, g ). We first show that (Mi, g\) satisfies the assumptions of Corol- 
lary n 

We again denote the orthogonal projector onto Vi by P and define the endomorphism a! on V\ 
as a restriction of a* to V%: a' = P ■ a. 

(i) 

Since P is parallel and A € Vi, a is a solution of (flO[) with respect to the metric g . Indeed, 
we take indices i,j,k such that <9i, dj, d k € TMi and calculate 

(73) <- fc = (.9 4r P s r a, s ), fc = //„/':«; a = 

= girPl{X s gjk + XjSf.) = g ir X r g jk + //., /'.' A.^T = A^. + A.,^. 

We see that c/i admits at least three linearly independent solutions of the geodesic equivalence 
equations: const -g±, XiXj and a! i y Thus, g\ satisfies the conditions of the Theorem [7] and there 
exists the unique constant B(gi) defined by the extended system (fT2)) . 

Since solution (a', A,) with parallel vector A^ and [i = satisfies the extended system (TT21) for 
<7i, from the second equation we obtain B{gi) = 0. 

Let us now show that g\ does not admit a solution with /i ^ 0. Assume (a, Aj, //j) is the solution 
of the extended system on Mi with ft ^ 0. We can think jl = 1. Then, A^ is a 1-form on Mi such 
that Aij = /i^ij = gij. Let us now consider the sum 

(°) . r , x^( s ) 
w i, 



(74) ^ = « < + X l +Y, 



s=2 

(0) (s) s 

where it^ is a 1-form on such that u i,j = g^; the existence of such 1-forms is proved above. We 
evidently have £jj = g^. We now consider the symmetric (0, 2)-tensor field Ay = We have 

Aij,k — £,i(,j,k + £,j£i,k — £,igjk + 

We is a solution of (ITOl) with Ai = Since = gry, the corresponding equals 

1. We obtain a contradiction with the assumption that all solutions of the extended system have 
H = 0. 

Thus, we have shown that metric g\ on the Lorentzian block does not admit solutions with 
/] / 0. Then, Lorentzian manifold (Mi,<?i) satisfies the conditions of the Corollary [5] Thus, 
dimAfi > 6. We therefore have (the number below V, corresponds to their dimensions) 

T p M = V © Vi © V 2 © • • • © Vi implying 

fco >6 >3 >3 

dimT p M = fc + dim Vi + dim V 2 + ■ ■ ■ + dim V e > k + 6 + 3(£ - 1) = U + k + 3. 
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Thus, 1 < I < [ "~ fc ° j — 1, where k Q is the dimension of the flat block Vq. Since the basis of 
the 1-forms on T p M invariant w.r.t. the holonomy group is given by ko basis 1-forms on the flat 
block Vq and the 1-form A; on V\, we have k = ko + 1. Since the dimension of V\ is at least 6, 
< fco < n - 3. Therefore, 1 < £ < L " + g~ fc J - 1, where 1 < k < n - 2. Thus, we obtained the 
following list of values for the degree of mobility of g: 

(75) D{g) = dim Par(g) + 1 = ^±12 + £ + i = M^hli + g w h e re 2 < g < [li+i^j . 
Lemma [TBI is proved. 

7. Proof of the realization Theorem 

In this section we construct an example of an n-dimensional Lorentzian metric g admitting a 
geodesically equivalent metric g that is not afhnely equivalent to g, such that D{g) = k ^ k ^ + £ > 
2, where k and £ are as in Theorem [2j Essentially the same construction could be used for 
metrics of arbitrary signature. In Section [8] it will be explained that for these metrics the number 
dim proj(g) — dim iso(<?) equals D(g) — 1 which implies that this example also shows that all the 
possible values of dim proj (g) — dim iso(g) given by Theorem [3] can be achieved. 

Actually, we will construct a n + 1-dimensional cone manifold (M, g) admitting fc( - fc 2 f 1 - ) + £- 
dimensional space of parallel symmetric (0, 2)-tensor fields. The metric g is then the restriction of 
g to the hypersurface {v = const}, where v is the function satisfying (|19j) . 

The manifold (M, g) will be the direct sum 

(M,g) = (M ,g ) + ... + (M ei g e ), 

where (Mo, go) is the standard (M. k , g e uciidean) (in the case k = we think that Mo is a point). 
Clearly, (M , <7o) is a cone manifold over the (k— l)-dimensional sphere with the standard metric. 

Since £ < J , there exist numbers k\ , . . . kg such that ki > 3 and k\ + • — h kg = n — k + 1. 

For all 1 < i < £, as the manifold (Mi,gi) we take the fci-dimensional cone manifold over (R fei ^ 1 , gi), 
where g\ is the flat metric of lorentzian signature and all gi,i > 2 are euclidean (flat) metrics. It 
is an easy exercise to prove that the manifolds (M s ,g s ), s > 1, do not admit a parallel symmetric 
(0, 2) tensor other than const g s : one of the way to do this exercise is to calculate the curvature 
tensor R l j km and its covariant derivative R l j km s , which is possible since the metrics gi,i > 1, are 

explicitly given by simple formulas, and to check that at each point p € Mi the endomoprphisms 
R l ]km X k Y m and R 1 jkm , s X k Y m Z s generate the whole so(T p Mi,gi). Actually, in the Riemannian 
case, i.e., for M s , s > 2, it follows from [TJ Theorem 4.1]. 

Evidently, M = Mq x Mi x • • • x Me has lorentzian signature. It is a cone manifold by 
Lemma [51 so there exists a function v satisfying ([T5)l . As we explained in Section [2~71 the parallel 
symmetric (0, 2)-tensor fields on M are in one-to-one correspondence with the solutions of (|10l) 
for the restriction of the metric to the (n-dimensional) hypersurface {v — const}, where v is the 
function satisfying (|19[) . so its dimension is the degree of mobility of g. Combining Theorem 
[S] and HI we see that the space of parallel symmetric (0,2)-tensor fields on (M,g) is precisely 
ki - k ^ -|- ^-dimensional. Theorem [2] is proved. 

8. Proof of Theorem [3j 

8.1. Plan of the proof. Our proof of Theorem |3] contains two main parts: "generic case", which 
corresponds to the metrics with D(g) > 3 and B ^ 0, will be handled in Section [8731 and "special 
case", when B = 0, will be handled in Section [5^41 In both cases, the upper bound for dim(proj) — 
dim(iso) follows from Lemma [T71 in Section 15721 

We will always assume that our manifold (M, g) is connected, simply-connected, has dimension 
> 3, and that there exists a metric g that is geodesically equivalent, but not affinely equivalent to 
9- 
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8.2. Codimension of the space of homothety vector fields in the space of projective 
vector fields. Recall that a vector field v is projective, if its local flow acts by projective transfor- 
mations, i.e., takes vmparametrized geodesies to geodesies. It is well known (see for example [25J[5]) 
that the vector field v is projective if and only if the (0, 2)-tensor field a v given by the formula 

(76) a v := C v g - ^ Tr(<rX 5 ) ■ g 

satisfies the equation (fTU)) . Here by C v we denote the Lie derivative along v. 

Lemma 17. Let (M n ,g) be a pseudo-Riemannian connected manifold on n- dimensional manifold. 

Then, dimproj(g) — dmihom(g) < D{g) — 1, where hom(g) denotes be the space of homothety 
(i.e., such that C v = const -g) vector fields. 

Proof. We denote by Sol(g) the space of solutions of (TTTfl) corresponding to the metric g. Then 
by definition dim Sol(g) — D(g). Let Sol(g) be the quotient space Sol(g)/ {const ■ g}. Clearly, 
dmiSd(g) = D{g) - 1. 

Let us consider the linear map 4> : proj(g) — > Sol, which maps each projective vector field to 
the corresponding equivalence class of the soluion a" given by the formula (1751) . We show that 
ket (j) = hom(g) = {v \ C v = const -g}. 

Suppose 4>(v) — 0. Then, there exists a constant c such that a v = c ■ g. Therefore, 

(77) a" := £ v g - ^ Tr^ 1 ^) ■ g = c- g. 
We multiply both sides by g^ 1 and take the trace to obtain 

(78) Tr (g- l C v g - ^ Tr^"^^) • Id) = Tr(c • Id). 

Then, Tr (g^ 1 C v g) is constant. We substitute it in (|77|) to obtain C v g = const -g implying v is a 
homothety. 

Now, for a homothety vector field v we have C v g — k ■ g, where k is a certain constant. Then 
a" ^C v g-^ Tr(<rX.9) • 9 = k ■ g - ^ • g = ^ g 
so that <p(v) = 0. Thus, ker0 = hom(g). 

Applying the dimension theorem to the linear map <fi : proj(g) — > image((j>) C Sol(g), we obtain 
dim proj(g) = dimker^ + dimimage((f>) = 1 + dim image(<f>). Since dim image((f>) < dimSol, we 
obtain dim proj(g) — dimhom(g) < D(g) — 1 as we claimed. □ 

8.3. Generic case with B ^ 0. Now we suppose that D(g) > 3 and that B ^ 0. 

We consider the linear map <f> from the proof of Lemma [T"7l We need to show that ker 4> = iso(g) 
and image{4>) = Sol(g). 

Since ker0 = hom(g), in order to show that ker</> = iso(g) it is sufficient to show that every 
homothety vector field is, in fact, a killing vector field. 

As we explained in Section 12.21 B is the global invariant of the metric, i.e. at every point 
P G M the constant B from the system (fT2|) is the same and there exists, even locally, only one 
such constant B. 

Let g = F(t)*(g) be the pullback of a metric g with respect to the local flow of v. If v is a 
homothety, then g — k ■ g for some constant k. Then, as we explained in Lemma [7J the constant 
B of the metric g is equal to b = B(g) = jB. But the metric g is isometric to the metric g, so it 
must have the same value of constant B. Thus, k = 1, and the homothety vector field is in fact a 
Killing vector field as we claimed. 

Let us now show that the image of <f> is the whole space Sol(g). Choose the arbitrary (a, A, fi) 
from Sol and consider the vector field u l — A\ Then 

a ij := £ugij — ^Zp[(g Pli '£u9pq) ' 9ij = 
= + Xj,i — ^-p[g Pq (Xp,q + ^q,p) • gij — 

— — Ti+i" A P><i9ij — 
= 2((j,gij + Baij) - Spi9 vq {\ i 9m + Ba pq)9ij = + const ■g lj . 
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We see that, up to the an addition of const ■g i j 1 the solution a u is equal to 2_Ba^. Now, we put 
v l — and obtain (f>(v) — [a], where with square brackets we denote the procedure of taking 

quotient in Sol. Therefore, image((f>) = Sol. Finally, dim proj — dim iso — D(g) — 1 as we claimed. 

8.4. Case B = 0. 

8.4.1. Assume there exists a solution (a,A,/i) with /j 7^ 0. This case can be reduced to the case 
B ^ using the methods from Section [5] Indeed, in any connected simply-connected open subset 
of M with compact closure we can find a metric g of the same signature that is geodesically 
equivalent to g and has B — B(g) 7^ 0. Then, the restriction of the metric g to this subset has 
dim prog(g) — dmiiso(g) as in Theorem[3] Theorem [3] follows then from the following 

Lemma 18. Let (M,g) be a connected pseudo-Riemannian manifold and suppose M = U'^L 1 M S , 
where M s are open connected subsets in M and M s C M s+ i. Denote by g s the restriction of g to 
M s . Then, there exists s such that for every s' > s 

dimproj(g) = dimproj(g s i) and dimiso(g) = dimiso(g s >) 



The proof of this Lemma is similar to the proof of Lemma [T^J and will be left to the reader. 
The only essential property of the projective and isometry vector fields that should be used in the 
proof is that if two projective (respectively, isometric) vector fields coincide on an open subset of 
M , they coincide everywhere on M . 

8.4.2. Special case: there is no (a, A,/i) with fi^O. Let us first proof 

(79) D(g) — 2 < dmiproj(g) — dimiso(g) < D(g) — 1. 

The upper bound dim proj(g) — dim iso(g) < D(g) — 1 follows from Lemma 1171 since in view 
of Corollary [3] the metric admits no homothety vector field. 

In order to prove D(g) — 2 < dimproj(g) — dimiso(g), we construct D(g) — 2 projective (in fact, 
affine) vector fields such that no nontrivial linear combination of these vector fields is a killing 
vector field; in this construction we will use the description of the space Sol(g) we have obtained 
in Section [6] We consider the decomposition of a tangent space T p M 

(80) T P M = V ®Vi®---®Vi 

where Vq is maximal nondegenerate flat subspace of dimension k Q = k — 1 and V s , 1 < s < I are 
indecomposable nondegenerate subspaces. In Section[f)]we have shown that D(g) — dim Par(g) + 
1 = M^hli + 1 + i ; S ee (J71]). We will show that g admits at least D{g) - 2= ^±12 +£-l affine 
vector fields such that no nontrivial linear combination of these vector fields is a killing vector 
field. 

(1) (fe) 

We consider a basis r,,... r i of the fc-dimensional space of all parallel 1-forms on M. For 

(a) _ t (a) (a) (a) 

each r i there exists function r on M, such that t i— t j. For every a, b = 1, . . . , fc, we consider 
the 1-form 

(ab) (b)(a) (a)(6) 
Ui=TTi+TTi. 

Every tt * is an affine (and therefore projective) vector field on M (in the sence its local flow 
preserves the Levi-Civita connection), because of the Lie derivative of g is parallel: indeed, 

(ab) _ (6) (a) (a) (6) 
U i j T j T i "T T j T ^ ■ 

Besides, we have I — 1 additional affine vector fields generated by the cone vector fields v l on M s 
(such that Vij = jy, where s > 2. The vector fields v l are affine since the Lie derivative of g 

s ■ (s) 

with respect to v l is 2 g ij and is a parallel (0, 2)-tensor. 

(ab) . «•.,.„. 

No nontrivial linear combination of the vector fields u 1 , a < b 7 and of v l is a killing vector 
field. Indeed, the Lie derivatives of g w.r.t. these vector fields are linearly independent. 
Thus, D(g) - 1 > dim proj(g) - dim iso{g) > M*±ii + 1 _ i > D(g) - 2 as we claimed. 
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In order to explain that (|79p implies the remaining part of Theorem [3J we combine it with 
Lemma IT31 to obtain 

Mt±H +£'-2 = D(g) - 2 < dim proj(g) - dimiso(g) < D(g) - 1 = M^±l2 

for certain k € {0, 1, n - 2, n} and 2 < £' < L^Mr^J- 

Thus, dimproj(g) — dimiso(g) = k ^ ^ + £ — 1, where £ is either £' or (£' — 1). Then 1 < I < 
j as we c i a j mec j m Theorem [3] Theorem [3J is proved. 
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